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Today’s goals:
Design a data-efficient reinforcement learning algorithm



Today’s Example



Lesson from Model Predictive Control (MPC)

► Predicted trajectory given by Prediction Model
► Safe region estimated by the Safe Set
► Predicted cost estimated by Value Function

Predicted Trajectory

Safe Region

Predicted  Cost
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Safe Set

Three key components to learn
Value FunctionPrediction Model
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Data Efficient Learning!



Outline

▶ Iterative Control Design for Deterministic Systems

▶ Autonomous Racing Experiments

▶ Uncertain Systems

▶ Multi-modal uncertainty and future steps
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Iterative Tasks
Iterative data collection and policy update



p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

Iterative Tasks – Drone Example



p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

Iterative Tasks – Drone Example



p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

Iterative Tasks – Drone Example



p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

Iterative Tasks – Drone Example



p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

Iterative Tasks – Drone Example



p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

Iterative Tasks – Drone Example



p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

Limited actuation!

Iterative Tasks – Drone Example



Iterative Tasks – Drone Example
𝑝

𝑣

Starting State



Iterative Tasks – Drone Example
𝑝

𝑣
Goal State

Starting State



Iterative Tasks – Drone Example
𝑝

𝑣
Goal State

Starting State

▶ Iteration = one execution of the task



Iterative Tasks – Drone Example
𝑝

𝑣
Goal State

Starting State

▶ Iteration = one execution of the task

First Iteration



Iterative Tasks – Drone Example
𝑝

𝑣
Goal State

Starting State

▶ Iteration = one execution of the task

First Iteration

Second Iteration



Iterative Tasks – Drone Example
𝑝

𝑣
Goal State

Starting State

▶ Iteration = one execution of the task

▶ Objective: Drive the drone optimally from the starting state to the goal state

First Iteration

Second Iteration



Learning Model Predictive Control (LMPC)
Exploit historical data
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Value Function

Prediction 
Model

J(x(t)) = min
u0,...,uN�1

N�1X

k=0

�
x>
k Qxk + u>

k Ruk

�
+ V j�1(xN )

s.t. xk+1 = f(xk, uk),

x0 = x(t),

xk 2 X , uk 2 U ,
xN 2 SSj�1,

8k 2 [0, · · · , N � 1]
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Given 𝑗 − 1 trajectories, we define the following optimization problem:
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Value Function
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Model

u(t) = u⇤
0
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Iteration 1
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Goal State

Starting State
First Iteration

Definition: Sampled Safe Set

Assumption: A feasible trajectory is known

SS1 = {Stored Data}
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Iteration 1
𝑝

𝑣
Goal State

Starting State
First Iteration

Definition: Sampled Safe Set Set of states from which 
the task can be completed!

Assumption: A feasible trajectory is known

SS1 = {Stored Data}
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Iteration 2, Step 0
𝑝

𝑣
Goal State

Starting State
First Iteration

Use as terminal

Sampled Safe Set at iteration 0
Drone state at iteration 1

SS1
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First Iteration
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Sampled Safe Set at iteration 0
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Iteration 2, Step 1
𝑝

𝑣
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Starting State
First Iteration

Use as terminal

Sampled Safe Set at iteration 0

Optimal planned trajectory
Drone state at iteration 1

SS1
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Iteration 2, Step 1
𝑝

𝑣
Goal State

Starting State
First Iteration

Use as terminal

Sampled Safe Set at iteration 0

Optimal planned trajectory
Drone state at iteration 1

SS1
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Iteration 2, Step 2
𝑝

𝑣
Goal State

Starting State
First Iteration

Use as terminal

Sampled Safe Set at iteration 0

Optimal planned trajectory
Drone state at iteration 1

SS1
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Iteration 2, Step 2
𝑝

𝑣
Goal State

Starting State
First Iteration
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Sampled Safe Set at iteration 0

Optimal planned trajectory
Drone state at iteration 1

SS1
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Iteration 2, Step 3
𝑝

𝑣
Goal State

Starting State
First Iteration

Use as terminal

Sampled Safe Set at iteration 0

Optimal planned trajectory
Drone state at iteration 1

SS1
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Iteration 2, Step 3
𝑝

𝑣
Goal State

Starting State
First Iteration

Use as terminal

Sampled Safe Set at iteration 0

Optimal planned trajectory
Drone state at iteration 1

SS1
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Iteration 2, Step 4
𝑝

𝑣
Goal State

Starting State
First Iteration

Use as terminal

Sampled Safe Set at iteration 0

Optimal planned trajectory
Drone state at iteration 1

SS1
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Iteration 2, Step 4
𝑝

𝑣
Goal State

Starting State
First Iteration

Use as terminal

Sampled Safe Set at iteration 0

Optimal planned trajectory
Drone state at iteration 1

SS1
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Iteration 2, Step 5
𝑝

𝑣
Goal State

Starting State
First Iteration

Use as terminal

Sampled Safe Set at iteration 0

Optimal planned trajectory
Drone state at iteration 1

SS1
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Iteration 2, Step 5
𝑝
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Goal State

Starting State
First Iteration

Use as terminal

Sampled Safe Set at iteration 0

Optimal planned trajectory
Drone state at iteration 1

SS1
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Iteration 2, Step 5
𝑝

𝑣
Goal State

Starting State
First Iteration

Use as terminal

Sampled Safe Set at iteration 0

Optimal planned trajectory
Drone state at iteration 1

SS1
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Iteration 2, Step 5
𝑝

𝑣
Goal State

Starting State
First Iteration

Use as terminal

Sampled Safe Set at iteration 0

Optimal planned trajectory
Drone state at iteration 1

SS1
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Iteration 2, Step 5
𝑝

𝑣
Goal State

Starting State
First Iteration

Use as terminal

Sampled Safe Set at iteration 0

Optimal planned trajectory
Drone state at iteration 1

SS1
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Iteration 2, Step 5
𝑝

𝑣
Goal State

Starting State
First Iteration

Use as terminal

Sampled Safe Set at iteration 0

Optimal planned trajectory
Drone state at iteration 1

SS1
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Second Iteration



Iteration 3
𝑝

𝑣
Goal State

Starting State
First Iteration

Definition: Sampled Safe Set

SSj = {Stored Data at all iterations}
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Iteration 3
𝑝

𝑣
Goal State

Starting State
First Iteration

Definition: Sampled Safe Set Set of states from which 
the task can be completed!SSj = {Stored Data at all iterations}

<latexit sha1_base64="SgU7DumZk4km3nClE4EqqkB9ues="></latexit>



Iteration 3
𝑝

𝑣
Goal State

Starting State
First Iteration



Iteration 3
𝑝

𝑣
Goal State

Starting State
First Iteration

Definition: Convex Safe Set

CSj = Conv({Stored Data at all iterations})

<latexit sha1_base64="Um2RGu+bbbUblh12bc34xA9j43A="></latexit>



Iteration 3
𝑝

𝑣
Goal State

Starting State
First Iteration

Definition: Convex Safe Set Set of states from which 
the task can be completed!CSj = Conv({Stored Data at all iterations})

<latexit sha1_base64="Um2RGu+bbbUblh12bc34xA9j43A="></latexit>



Given 𝑗 − 1 trajectories, we define the following optimization problem:

Then apply to the system the control input

Learning Model Predictive Control (LMPC) – Key Idea

Safe Set

u(t) = u⇤
0
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J(x(t)) = min
u0,...,uN�1

N�1X

k=0

�
x>
k Qxk + u>

k Ruk

�
+ V j�1(xN )

s.t. xk+1 = f(xk, uk),

x0 = x(t),

xk 2 X , uk 2 U ,
xN 2 SSj�1,

8k 2 [0, · · · , N � 1]

<latexit sha1_base64="trfI2JOoN/nGF5JOqfrj3FBuBNs="></latexit>



Given 𝑗 − 1 trajectories, we define the following optimization problem:

Then apply to the system the control input

Learning Model Predictive Control (LMPC) – Key Idea

Value Function

u(t) = u⇤
0
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J(x(t)) = min
u0,...,uN�1

N�1X

k=0

�
x>
k Qxk + u>

k Ruk

�
+ V j�1(xN )

s.t. xk+1 = f(xk, uk),

x0 = x(t),

xk 2 X , uk 2 U ,
xN 2 SSj�1,

8k 2 [0, · · · , N � 1]

<latexit sha1_base64="trfI2JOoN/nGF5JOqfrj3FBuBNs="></latexit>



Value Function Estimation
𝑝

𝑣
Goal State

Starting State
First Iteration



Value Function Estimation
𝑝

𝑣
Goal State

Starting State
First Iteration

xi
k = state at time k of iteration i

J i
k = cumulative cost from xi

k

<latexit sha1_base64="dFpnse24/olJVbLCJAtaL++VXOg="></latexit>



Value Function Estimation
𝑝

𝑣
Goal State

Starting State
First Iteration

xi
k = state at time k of iteration i
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At each time t of iteration j, solve

LMPC Summary
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At each time t of iteration j, solve

LMPC Summary

The properties of the (convex) safe set and (convex) V-function allows us to guarantee:
▶ Safety: constraint satisfaction at iteration j → satisfaction at iteration j+1
▶ Non-decreasing Performance: closed-loop cost at iteration j >= closed-loop cost at iteration j+1
▶ Performance Improvement: closed-loop cost strictly deceasing at each iteration (LICQ required)
▶ (Global) optimality: steady state trajectory is optimal for the original problem (LICQ required)

Guarantees for constrained (linear) systems [1,2]

[1] U. Rosolia, F. Borrelli. “Learning model predictive control for iterative tasks. a data-driven control framework.” IEEE Transactions on Automatic Control (2018).
[2] U. Rosolia, F. Borrelli. “Learning model predictive control for iterative tasks: A computationally efficient approach for linear system.” IFAC-PapersOnLine (2017)
[3] U. Rosolia, Y. Lian, E. Maddalena, G. Ferrari-Trecate, and C. N. Jones. "On the Optimality and Convergence Properties of the Iterative Learning Model Predictive Controller." IEEE Transactions on Automatic Control (2022).

Constructed using 
historical data



Practical Implementation
Learning MPC convex formulation
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Linear(ized) LMPC

xN 2 CSj�1
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Given 𝑗 − 1 trajectories, we define the following optimization problem:
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Linear(ized) LMPC

xN 2 CSj�1
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Given 𝑗 − 1 trajectories, we define the following optimization problem:
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Linear(ized) LMPC

xN 2 CSj�1
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V j�1(xN )

<latexit sha1_base64="lFPUC3+G6LLAKIxNB4WSvx10T4o=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAI8WDYlYB6C3rxJBHMA5J1mZ1MkjGzD2Zmxbjsl3jxoIhXP8Wbf+Mk2YMmFjQUVd10d3kRZ1JZ1reRW1peWV3Lrxc2Nre2i+bOblOGsSC0QUIeiraHJeUsoA3FFKftSFDse5y2vNHlxG89UCFZGNyqcUQdHw8C1mcEKy25ZrF5l9wf22n50U2u0yPkmiWrYk2BFomdkRJkqLvmV7cXktingSIcS9mxrUg5CRaKEU7TQjeWNMJkhAe0o2mAfSqdZHp4ig610kP9UOgKFJqqvycS7Es59j3d6WM1lPPeRPzP68Sqf+YkLIhiRQMyW9SPOVIhmqSAekxQovhYE0wE07ciMsQCE6WzKugQ7PmXF0nzpGJXK+c31VLtIosjD/twAGWw4RRqcAV1aACBGJ7hFd6MJ+PFeDc+Zq05I5vZgz8wPn8AbaWSTw==</latexit>
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▶ Convex optimization problem over inputs and lambdas
▶ Safety and performance improvement guarantees still hold (simple proofs as before)
▶ Converges to global optimal solution (Constraints Qualification Condition required)

Linear(ized) LMPC

xN 2 CSj�1
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V j�1(xN )
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Given 𝑗 − 1 trajectories, we define the following optimization problem:



▶ Safe Set constructed using non-parametric estimation
▶ Model ensemble and input sampling strategies for MPC
▶ Knot tying task on real surgical robot with inefficient demos (red)
▶ Constraints: stay within 1 cm tube of reference trajectory
▶ SAVED successfully smooths + optimizes demos

Terminal Components via DNN

“Safety Augmented Value Estimation from Demonstrations (SAVED): Safe Deep Model-Based RL for Sparse Cost Robotic Tasks.”, B. Thananjeyan*, A. Balakrishna*, U. Rosolia, F. Li, R. 
McAllister, J. E. Gonzalez, S. Levine, F. Borrelli, K. Goldberg IEEE Robotics and Automation Letters (RA-L) (2020)
*= equal contribution

Brijen Ashwin



▶ Some references:
v Bertsekas paper connecting MPC and ADP [1], books on RL and OC [2,3]
v Lewis and Vrabie survey [4]
v Recht survey [5]

▶ Learning MPC highlights
v Continuous state and action formulation
v Constraints satisfaction
v V-function constructed locally  based  on  cost/model  driven exploration
v V-function at stored state is “exact” and upperbounds at intermediate points

[1] D. Bertsekas, “Dynamic programming and suboptimal control: A survey from ADP to MPC.” European Journal of Control 11.4-5 (2005)
[2] D. Bertsekas, “Reinforcement learning and optimal control.” Athena Scientific, 2019.
[3] D. Bertsekas, “Distributed Reinforcement Learning” http://web.mit.edu/dimitrib/www/RL_2_Rollout_&_PI.pdf
[4] F. Lewis, Frank, and D. Vrabie. "Reinforcement learning and adaptive dynamic programming for feedback control." IEEE circuits and systems magazine 9.3 (2009)
[5] R. Benjamin. "A tour of reinforcement learning: The view from continuous control." Annual Review of Control, Robotics, and Autonomous Systems 2 (2019)

Comparison with Approximate DP (aka RL)

http://web.mit.edu/dimitrib/www/RL_2_Rollout_&_PI.pdf


Learning MPC = Forward Value Iteration

Dynamic Programming:
▶ Gridding, global properties
▶ Backward, one-step iteration

LMPC:
▶ No Gridding, local properties
▶ Forward, multi-step prediction
▶ LICQ required for optimality
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Iterative LMPC
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Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
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Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
Step 2: Define      which interpolates 

linearly the roll-out cost

Iterative LMPC

Example I: Constrained LQR
Assumption: A first feasible trajectory at iteration 0 is given

V j
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V
j
(x
)

<latexit sha1_base64="EhOmLUwm6Z+zC4eS1NEfXTEQKY8=">AAAB7XicbVBNTwIxEJ31E/EL9eilkZjghewaEvVG9OIRE1lIYCXd0oVCt920XSMh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbOa28ts7u3v7hYNDX8tUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMc3kz9xiNVmklxb0YJDWLcEyxiBBsr+f7DoPR01ikU3bI7A1omXkaKkKHWKXy1u5KkMRWGcKx1y3MTE4yxMoxwOsm3U00TTIa4R1uWChxTHYxn107QqVW6KJLKljBopv6eGONY61Ec2s4Ym75e9Kbif14rNdFlMGYiSQ0VZL4oSjkyEk1fR12mKDF8ZAkmitlbEeljhYmxAeVtCN7iy8vEPy97lfLVXaVYvc7iyMExnEAJPLiAKtxCDepAYADP8ApvjnRenHfnY9664mQzR/AHzucP1DaOqQ==</latexit>

V 0
c (x)

<latexit sha1_base64="U2opDvQFPw9uelVzQPz92fx55E4=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabYNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbWV1b38hvFra2d3b3ivsHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o+up33pkSvNI3plxzLyQDCQPOCXGSu1mj9475afTXrHkVJwZ8DJxM1KCDPVe8avbj2gSMmmoIFp3XCc2XkqU4VSwSaGbaBYTOiID1rFUkpBpL53dO8EnVunjIFK2pMEz9fdESkKtx6FvO0NihnrRm4r/eZ3EBBdeymWcGCbpfFGQCGwiPH0e97li1IixJYQqbm/FdEgUocZGVLAhuIsvL5PmWcWtVi5vq6XaVRZHHo7gGMrgwjnU4Abq0AAKAp7hFd7QA3pB7+hj3ppD2cwh/AH6/AHwao9F</latexit>



Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
Step 2: Define      which interpolates 

linearly the roll-out cost

Iterative LMPC

Example I: Constrained LQR

CS0

Assumption: A first feasible trajectory at iteration 0 is given

V j

<latexit sha1_base64="QzRc916Gov7kET9qRzivbAc8dRA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMaB6QrGF20knGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffEKleSTvzThGP6QDyfucUWOlu8bDY7dYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/hp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zspepXx5WylVr7I48nAEx3AKHpxDFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDMKONwg==</latexit>

V
j
(x
)

<latexit sha1_base64="EhOmLUwm6Z+zC4eS1NEfXTEQKY8=">AAAB7XicbVBNTwIxEJ31E/EL9eilkZjghewaEvVG9OIRE1lIYCXd0oVCt920XSMh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbOa28ts7u3v7hYNDX8tUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMc3kz9xiNVmklxb0YJDWLcEyxiBBsr+f7DoPR01ikU3bI7A1omXkaKkKHWKXy1u5KkMRWGcKx1y3MTE4yxMoxwOsm3U00TTIa4R1uWChxTHYxn107QqVW6KJLKljBopv6eGONY61Ec2s4Ym75e9Kbif14rNdFlMGYiSQ0VZL4oSjkyEk1fR12mKDF8ZAkmitlbEeljhYmxAeVtCN7iy8vEPy97lfLVXaVYvc7iyMExnEAJPLiAKtxCDepAYADP8ApvjnRenHfnY9664mQzR/AHzucP1DaOqQ==</latexit>

V 0
c (x)

<latexit sha1_base64="U2opDvQFPw9uelVzQPz92fx55E4=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabYNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbWV1b38hvFra2d3b3ivsHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o+up33pkSvNI3plxzLyQDCQPOCXGSu1mj9475afTXrHkVJwZ8DJxM1KCDPVe8avbj2gSMmmoIFp3XCc2XkqU4VSwSaGbaBYTOiID1rFUkpBpL53dO8EnVunjIFK2pMEz9fdESkKtx6FvO0NihnrRm4r/eZ3EBBdeymWcGCbpfFGQCGwiPH0e97li1IixJYQqbm/FdEgUocZGVLAhuIsvL5PmWcWtVi5vq6XaVRZHHo7gGMrgwjnU4Abq0AAKAp7hFd7QA3pB7+hj3ppD2cwh/AH6/AHwao9F</latexit>



Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
Step 2: Define      which interpolates 

linearly the roll-out cost
Step 3: Run a closed-loop simulation at 

iteration j+1

Iterative LMPC

Closed-loop at 
iteration j=1

Example I: Constrained LQR
Assumption: A first feasible trajectory at iteration 0 is given

V j

<latexit sha1_base64="QzRc916Gov7kET9qRzivbAc8dRA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMaB6QrGF20knGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffEKleSTvzThGP6QDyfucUWOlu8bDY7dYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/hp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zspepXx5WylVr7I48nAEx3AKHpxDFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDMKONwg==</latexit>

V
j
(x
)

<latexit sha1_base64="EhOmLUwm6Z+zC4eS1NEfXTEQKY8=">AAAB7XicbVBNTwIxEJ31E/EL9eilkZjghewaEvVG9OIRE1lIYCXd0oVCt920XSMh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbOa28ts7u3v7hYNDX8tUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMc3kz9xiNVmklxb0YJDWLcEyxiBBsr+f7DoPR01ikU3bI7A1omXkaKkKHWKXy1u5KkMRWGcKx1y3MTE4yxMoxwOsm3U00TTIa4R1uWChxTHYxn107QqVW6KJLKljBopv6eGONY61Ec2s4Ym75e9Kbif14rNdFlMGYiSQ0VZL4oSjkyEk1fR12mKDF8ZAkmitlbEeljhYmxAeVtCN7iy8vEPy97lfLVXaVYvc7iyMExnEAJPLiAKtxCDepAYADP8ApvjnRenHfnY9664mQzR/AHzucP1DaOqQ==</latexit>

V 0
c (x)

<latexit sha1_base64="U2opDvQFPw9uelVzQPz92fx55E4=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabYNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbWV1b38hvFra2d3b3ivsHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o+up33pkSvNI3plxzLyQDCQPOCXGSu1mj9475afTXrHkVJwZ8DJxM1KCDPVe8avbj2gSMmmoIFp3XCc2XkqU4VSwSaGbaBYTOiID1rFUkpBpL53dO8EnVunjIFK2pMEz9fdESkKtx6FvO0NihnrRm4r/eZ3EBBdeymWcGCbpfFGQCGwiPH0e97li1IixJYQqbm/FdEgUocZGVLAhuIsvL5PmWcWtVi5vq6XaVRZHHo7gGMrgwjnU4Abq0AAKAp7hFd7QA3pB7+hj3ppD2cwh/AH6/AHwao9F</latexit>



Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
Step 2: Define      which interpolates 

linearly the roll-out cost
Step 3: Run a closed-loop simulation at 

iteration j+1
Step 5: Set iteration counter j = j+1. Go         
``````.to Step 1

Iterative LMPC

Closed-loop at 
iteration j=1

Example I: Constrained LQR
Assumption: A first feasible trajectory at iteration 0 is given

V j

<latexit sha1_base64="QzRc916Gov7kET9qRzivbAc8dRA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMaB6QrGF20knGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffEKleSTvzThGP6QDyfucUWOlu8bDY7dYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/hp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zspepXx5WylVr7I48nAEx3AKHpxDFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDMKONwg==</latexit>

V
j
(x
)

<latexit sha1_base64="EhOmLUwm6Z+zC4eS1NEfXTEQKY8=">AAAB7XicbVBNTwIxEJ31E/EL9eilkZjghewaEvVG9OIRE1lIYCXd0oVCt920XSMh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbOa28ts7u3v7hYNDX8tUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMc3kz9xiNVmklxb0YJDWLcEyxiBBsr+f7DoPR01ikU3bI7A1omXkaKkKHWKXy1u5KkMRWGcKx1y3MTE4yxMoxwOsm3U00TTIa4R1uWChxTHYxn107QqVW6KJLKljBopv6eGONY61Ec2s4Ym75e9Kbif14rNdFlMGYiSQ0VZL4oSjkyEk1fR12mKDF8ZAkmitlbEeljhYmxAeVtCN7iy8vEPy97lfLVXaVYvc7iyMExnEAJPLiAKtxCDepAYADP8ApvjnRenHfnY9664mQzR/AHzucP1DaOqQ==</latexit>

V 0
c (x)

<latexit sha1_base64="U2opDvQFPw9uelVzQPz92fx55E4=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabYNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbWV1b38hvFra2d3b3ivsHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o+up33pkSvNI3plxzLyQDCQPOCXGSu1mj9475afTXrHkVJwZ8DJxM1KCDPVe8avbj2gSMmmoIFp3XCc2XkqU4VSwSaGbaBYTOiID1rFUkpBpL53dO8EnVunjIFK2pMEz9fdESkKtx6FvO0NihnrRm4r/eZ3EBBdeymWcGCbpfFGQCGwiPH0e97li1IixJYQqbm/FdEgUocZGVLAhuIsvL5PmWcWtVi5vq6XaVRZHHo7gGMrgwjnU4Abq0AAKAp7hFd7QA3pB7+hj3ppD2cwh/AH6/AHwao9F</latexit>



Iterative LMPC
Iteration cost

X

t

h(xj
t , u

j
t )

Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
Step 2: Define      which interpolates 

linearly the roll-out cost
Step 3: Run a closed-loop simulation at 

iteration j+1
Step 5: Set iteration counter j = j+1. Go         
``````.to Step 1

Example I: Constrained LQR
Assumption: A first feasible trajectory at iteration 0 is given

V j

<latexit sha1_base64="QzRc916Gov7kET9qRzivbAc8dRA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMaB6QrGF20knGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffEKleSTvzThGP6QDyfucUWOlu8bDY7dYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/hp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zspepXx5WylVr7I48nAEx3AKHpxDFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDMKONwg==</latexit>

V
j
(x
)

<latexit sha1_base64="EhOmLUwm6Z+zC4eS1NEfXTEQKY8=">AAAB7XicbVBNTwIxEJ31E/EL9eilkZjghewaEvVG9OIRE1lIYCXd0oVCt920XSMh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbOa28ts7u3v7hYNDX8tUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMc3kz9xiNVmklxb0YJDWLcEyxiBBsr+f7DoPR01ikU3bI7A1omXkaKkKHWKXy1u5KkMRWGcKx1y3MTE4yxMoxwOsm3U00TTIa4R1uWChxTHYxn107QqVW6KJLKljBopv6eGONY61Ec2s4Ym75e9Kbif14rNdFlMGYiSQ0VZL4oSjkyEk1fR12mKDF8ZAkmitlbEeljhYmxAeVtCN7iy8vEPy97lfLVXaVYvc7iyMExnEAJPLiAKtxCDepAYADP8ApvjnRenHfnY9664mQzR/AHzucP1DaOqQ==</latexit>



Iterative LMPC

Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
Step 2: Define      which interpolates 

linearly the roll-out cost
Step 3: Run a closed-loop simulation at 

iteration j+1
Step 5: Set iteration counter j = j+1. Go         
``````.to Step 1

Example I: Constrained LQR
Assumption: A first feasible trajectory at iteration 0 is given

V j

<latexit sha1_base64="QzRc916Gov7kET9qRzivbAc8dRA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMaB6QrGF20knGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffEKleSTvzThGP6QDyfucUWOlu8bDY7dYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/hp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zspepXx5WylVr7I48nAEx3AKHpxDFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDMKONwg==</latexit>

V
j
(x
)

<latexit sha1_base64="EhOmLUwm6Z+zC4eS1NEfXTEQKY8=">AAAB7XicbVBNTwIxEJ31E/EL9eilkZjghewaEvVG9OIRE1lIYCXd0oVCt920XSMh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbOa28ts7u3v7hYNDX8tUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMc3kz9xiNVmklxb0YJDWLcEyxiBBsr+f7DoPR01ikU3bI7A1omXkaKkKHWKXy1u5KkMRWGcKx1y3MTE4yxMoxwOsm3U00TTIa4R1uWChxTHYxn107QqVW6KJLKljBopv6eGONY61Ec2s4Ym75e9Kbif14rNdFlMGYiSQ0VZL4oSjkyEk1fR12mKDF8ZAkmitlbEeljhYmxAeVtCN7iy8vEPy97lfLVXaVYvc7iyMExnEAJPLiAKtxCDepAYADP8ApvjnRenHfnY9664mQzR/AHzucP1DaOqQ==</latexit>

V 1
c (x)

<latexit sha1_base64="5+DiyEoy0xfCz0HxF1OF+qvxL0E=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabYNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbWV1b38hvFra2d3b3ivsHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o+up33pkSvNI3plxzLyQDCQPOCXGSu1mj9675afTXrHkVJwZ8DJxM1KCDPVe8avbj2gSMmmoIFp3XCc2XkqU4VSwSaGbaBYTOiID1rFUkpBpL53dO8EnVunjIFK2pMEz9fdESkKtx6FvO0NihnrRm4r/eZ3EBBdeymWcGCbpfFGQCGwiPH0e97li1IixJYQqbm/FdEgUocZGVLAhuIsvL5PmWcWtVi5vq6XaVRZHHo7gGMrgwjnU4Abq0AAKAp7hFd7QA3pB7+hj3ppD2cwh/AH6/AHx8Y9G</latexit>

V 0
c (x)

<latexit sha1_base64="U2opDvQFPw9uelVzQPz92fx55E4=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabYNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbWV1b38hvFra2d3b3ivsHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o+up33pkSvNI3plxzLyQDCQPOCXGSu1mj9475afTXrHkVJwZ8DJxM1KCDPVe8avbj2gSMmmoIFp3XCc2XkqU4VSwSaGbaBYTOiID1rFUkpBpL53dO8EnVunjIFK2pMEz9fdESkKtx6FvO0NihnrRm4r/eZ3EBBdeymWcGCbpfFGQCGwiPH0e97li1IixJYQqbm/FdEgUocZGVLAhuIsvL5PmWcWtVi5vq6XaVRZHHo7gGMrgwjnU4Abq0AAKAp7hFd7QA3pB7+hj3ppD2cwh/AH6/AHwao9F</latexit>



Key Messages: 
▶ The cost function is defined on a subset of the state space.
▶ The LMPC explores the state space in order to enlarge the terminal cost domain.

Iterative LMPC

Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
Step 2: Define      which interpolates 

linearly the roll-out cost
Step 3: Run a closed-loop simulation at 

iteration j+1
Step 5: Set iteration counter j = j+1. Go         
``````.to Step 1

Example I: Constrained LQR
Assumption: A first feasible trajectory at iteration 0 is given

V j

<latexit sha1_base64="QzRc916Gov7kET9qRzivbAc8dRA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMaB6QrGF20knGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffEKleSTvzThGP6QDyfucUWOlu8bDY7dYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/hp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zspepXx5WylVr7I48nAEx3AKHpxDFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDMKONwg==</latexit>

V
j
(x
)

<latexit sha1_base64="EhOmLUwm6Z+zC4eS1NEfXTEQKY8=">AAAB7XicbVBNTwIxEJ31E/EL9eilkZjghewaEvVG9OIRE1lIYCXd0oVCt920XSMh/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbOa28ts7u3v7hYNDX8tUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMc3kz9xiNVmklxb0YJDWLcEyxiBBsr+f7DoPR01ikU3bI7A1omXkaKkKHWKXy1u5KkMRWGcKx1y3MTE4yxMoxwOsm3U00TTIa4R1uWChxTHYxn107QqVW6KJLKljBopv6eGONY61Ec2s4Ym75e9Kbif14rNdFlMGYiSQ0VZL4oSjkyEk1fR12mKDF8ZAkmitlbEeljhYmxAeVtCN7iy8vEPy97lfLVXaVYvc7iyMExnEAJPLiAKtxCDepAYADP8ApvjnRenHfnY9664mQzR/AHzucP1DaOqQ==</latexit>
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Iteration Cost

Cost LMPC: 49.9164

Optimal Cost: 49.9164

Cost Comparison
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Different initial conditions at each iteration
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▶ Multi-modal uncertainty and future steps



Goal: Minimize lap time

Requirement: Guarantee safety

Autonomous Racing



Given 𝑗 − 1 trajectories, we define the following optimization problem:

Learning Model Predictive Controller

Value Function

Prediction 
Model

Safe Set
Safe Set Predicted Trajectory

Safe Region

Predicted  Cost

JLMPC,j
0!N (xt) = min

ut,...,uN�1

N�1X

k=0

h(xk, uk) + V j�1(xN )

s.t.

xk+1 = Akxk +Bkuk + Ck,

xt = xt,

xk 2 X , uk 2 U , 8k 2 [0, · · · , N � 1]

xN 2 CSj�1,
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▶ Nonlinear Dynamical System,
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Kinematic Equations

▶ Nonlinear Dynamical System,
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Kinematic Equations

▶ Nonlinear Dynamical System,

▶ Identifying the Dynamical System

Linearization around predicted trajectory
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▶ Nonlinear Dynamical System,

▶ Identifying the Dynamical System

Dynamic Equations

System ID in Autonomous Racing

Linearization around predicted trajectory
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ẏk+1|t
 ̈

 k+1|t
Xk+1|t
Yk+1|t

3

7777775
=

2

6666664
Linearized Kinematics
Linearized Kinematics
Linearized Kinematics

3

7777775
xj
k|t +

2

6666664
Linearized Kinematics
Linearized Kinematics
Linearized Kinematics

3

7777775


uj
k|t
1

�

Local Linear Regression

Linearization around predicted trajectory

Kinematic Equations

▶ Nonlinear Dynamical System,

▶ Identifying the Dynamical System

Dynamic Equations

System ID in Autonomous Racing

argmin
⇤y

X

i,s

K(xj
k|t � xi

s)||⇤y

2

4
xi
s

ui
s

1

3

5� yis+1||, 8y 2 {ẋ, ẏ,  ̈}
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Hyundai California Proving Ground



Starting Line

Finish Line

Hyundai California Proving Ground





Lap Time

The control action is 
computed using ~100 

data points

The control policy is 
constructed using ~1k 

data points (last 2 laps)





Test Starts: LMPC accelerates

Breaking before entering the curve

Accelerating when exiting the curve

Speed m
/s

Velocity Profile at Convergence (Curve 1)



Breaking

Accelerating

Speed m
/s

Velocity Profile at Convergence (Chicane)



The key components
► Predicted trajectory given by prediction model
► Predicted cost estimated by value function
► Safe region estimated by the safe set



Do you need the safe set? – Yes 
LMPC without Invariant Set
The controller extrapolates the Q-function on the Vx dimension



Do you need to Predict to Learn? Yes
When the LMPC horizon is N = 1 the controller 

▶ solves the Bellman equation using the Q-function as value function approximation
▶ does not explore the state space as it cannot plan outside the safe set 

Average CPU Load at each iteration

Lap Time at each iteration



Average CPU Load at each iteration

Lap Time at each iteration

Do you need to Predict at Convergence? No



Average CPU Load at each iteration

Lap Time at each iteration

Value Function Approximation
[�0,⇤

0 , . . . ,�j,⇤
i ] = argmin�j

i2[0,1]

P
i
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j J
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i

s.t
P
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P
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i = x(t),

P
i

P
j �

j
i = 1

Do you need to Predict at Convergence? No



Control Policy
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Control Policy

⇡
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Average CPU Load at each iteration

Lap Time at each iteration

Stored Data

Value Function Approximation
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Model Estimation: An Iterative Linearization Strategy
► Linearize estimated dynamics around a candidate trajectory

x̄t|t
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Model Estimation: An Iterative Linearization Strategy
► Linearize estimated dynamics around a candidate trajectory
► Estimate confidence intervals where the system dynamics are accurate
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J⇤(x(t)) = min
ut

max
wt

t+N�1X

k=t

h(xk|t, uk|t) +Q(xt+Tt|t)

s.t. xk+1|t = Āk|txk|t + B̄k|tuk|t + wk|t

uk|t 2 Uk|t, xk|t 2 Xk|t

xt|t = x(t)

xt+N |t 2 O

8wk|t 2 Wk|t, 8k = t, . . . , t+N � 1.
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Model Estimation: An Iterative Linearization Strategy
► Linearize estimated dynamics around a candidate trajectory
► Estimate confidence intervals where the system dynamics are accurate
► Probabilistic guarantees for closed-loop constraint satisfaction 

Linearized Estimate

“Trust region” and 
uncertainty
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Model Estimation: An Iterative Linearization Strategy
► Linearize estimated dynamics around a candidate trajectory
► Estimate confidence intervals where the system dynamics are accurate
► Probabilistic guarantees for closed-loop constraint satisfaction 

Linearized Estimate

“Trust region” and 
uncertainty

“Control of Unknown Nonlinear Systems with Linear Time-Varying MPC. ” D. Papadimitriou, U. Rosolia, and F. Borrelli. in 2020 Conference on Decision and Control



Safe Sets and Value Functions Estimation via Sampling



Safe Sets and Value Functions Estimation via Sampling
► Collect several trajectories with the 

same controller

► Safe sets computed as before using 
multiple trajectories

► Value functions estimate either the 
mean or worst-case cost

► All statement hold with some 
probability that is proportional to 
the amount of data

Controller #1
Controller #2

U. Rosolia, and F. Borrelli. "Sample-based learning model predictive control for linear uncertain systems." In 2019 IEEE 58th Conference on Decision and Control (CDC). IEEE, 2019.
U. Rosolia, X. Zhang, and F. Borrelli. "Robust learning model predictive control for linear systems performing iterative tasks." IEEE Transactions on Automatic Control (2021).
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Start GoalHigh wind realization #1



Why multi-modal uncertainty?

High wind realization #1Start Goal

Plan a trajectory around the uncertain region



Why multi-modal uncertainty?

High wind 
realization #2

Start Goal



Why multi-modal uncertainty?

High wind 
realization #2

Start Goal

Plan a trajectory around the uncertain region



High wind realization #1

Why multi-modal uncertainty?

Start Goal

High wind 
realization #2



Why multi-modal uncertainty?
Plan a trajectory around the both uncertain regions

High wind realization #1Start Goal

High wind 
realization #2



High wind realization #1

Why multi-modal uncertainty?

Start Goal

High wind 
realization #2

Measurement radius



High wind realization #1

Why multi-modal uncertainty?

Start Goal

High wind 
realization #2

Measurement radius

Bifurcation point



High wind realization #1

Why multi-modal uncertainty?

Start Goal

High wind 
realization #2

Measurement radius

Bifurcation pointIn uncertain environments is needed to plan over strategies 
and not over trajectories



Planning in Multi-modal Uncertain Environments

Highway example Dr. Y. ChenI. Batkovic

Controlled vehicle

Human vehicle
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Planning in Multi-modal Uncertain Environments

Highway example

???

???

Safe for all possible options

Dr. Y. ChenI. Batkovic

Controlled vehicle

Human vehicle



Planning in Multi-modal Uncertain Environments

Highway example

Discrete partially observable state

Discrete observation 

Observable states 

e 2 E = {1, . . . , |E|}
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o 2 O = {1, . . . , |O|}

<latexit sha1_base64="CKrhjWN8/Z92wqH/tOJW+wU+HWE=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KGVGCupCKLpxZwX7gM5QMpm0Dc0kQ5IRyrS/4cZfceNCEZe68m/MtLOorQcuHM65l3vv8SNGlbbtHyu3srq2vpHfLGxt7+zuFfcPmkrEEpMGFkzIto8UYZSThqaakXYkCQp9Rlr+8Cb1W49EKir4gx5FxAtRn9MexUgbqVu0BXQph26I9AAjltxN4BV0E6cMXRYIrcpwPOeN3Um3WLIr9hRwmTgZKYEM9W7xyw0EjkPCNWZIqY5jR9pLkNQUMzIpuLEiEcJD1CcdQzkKifKS6WcTeGKUAPaENMU1nKrzEwkKlRqFvulMr1SLXir+53Vi3bvwEsqjWBOOZ4t6MYNawDQmGFBJsGYjQxCW1NwK8QBJhLUJs2BCcBZfXibNs4pTrVzeV0u16yyOPDgCx+AUOOAc1MAtqIMGwOAJvIA38G49W6/Wh/U5a81Z2cwh+APr+xc9u5/j</latexit>

x 2 Rn

<latexit sha1_base64="kxv3aGpc4gXknB3vEk+wF1XJOSo=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUmkoO6KblxWsQ9oYplMp+3QySTMTKQl5FfcuFDErT/izr9x0mahrQcGDufcyz1z/IgzpW372yqsrW9sbhW3Szu7e/sH5cNKW4WxJLRFQh7Kro8V5UzQlmaa024kKQ58Tjv+5CbzO09UKhaKBz2LqBfgkWBDRrA2Ur9cmSKXCeQGWI99P7lPH41YtWv2HGiVODmpQo5mv/zlDkISB1RowrFSPceOtJdgqRnhNC25saIRJhM8oj1DBQ6o8pJ59hSdGmWAhqE0T2g0V39vJDhQahb4ZjLLqJa9TPzP68V6eOklTESxpoIsDg1jjnSIsiLQgElKNJ8ZgolkJisiYywx0aaukinBWf7yKmmf15x67equXm1c53UU4RhO4AwcuIAG3EITWkBgCs/wCm9War1Y79bHYrRg5TtH8AfW5w+jpZQ2</latexit>

Dr. Y. ChenI. Batkovic

Plan a tree of trajectories!

I. Batkovic, U. Rosolia, M. Zanon, and P. Falcone. "A Robust Scenario MPC Approach for Uncertain Multi-modal Obstacles." IEEE Control Systems Letters 5, no. 3 (2020): 947-952.
Y. Chen, U. Rosolia, W. Ubellacker, N. Csomay-Shanklin,and A. D. Ames "Interactive multi-modal motion planning with Branch Model Predictive Control” to appear on RA-L.
U. Rosolia, Y. Chen, S. Daftry, M. Ono, Y. Yue, and A.D. Ames. “The mixed-observable constrained linear quadratic regulator problem: the exact solution and practical algorithms” arXiv:2108.12030.

: optimizing over policies!

Mixed-Continuous and Mixed-Observable
Markov Decision Process

Controlled vehicle

Human vehicle



Dr. Y. Chen

Planning in Multi-modal Uncertain Environments
Optimizing over 
open-loop actions

Optimizing over 
closed-loop policies



How to reduce the computational complexity?

Plan a tree of trajectories!

Controlled vehicle

Human vehicle



How to reduce the computational complexity?

Plan a tree of trajectories!

Controlled vehicle

Human vehicle

Branch when a new measurement is collected

Complexity is exponential in the horizon length



How to reduce the computational complexity?

Plan a tree of trajectories!

Controlled vehicle

Human vehicle

Branch when a new measurement is collected

Complexity is exponential in the horizon length

Learn safe set and value functions to reduce the horizon length

U. Rosolia, Y. Chen, S. Daftry, M. Ono, Y. Yue, and A.D. Ames. “The mixed-observable constrained linear quadratic regulator problem: the exact solution and practical algorithms” 2021, arXiv:2108.12030.
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Why multi-modal uncertainty?

Possible goal location #1
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Possible goal location #2
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Why multi-modal uncertainty?
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Why multi-modal uncertainty?

Possible goal location #1

Start

Possible goal location #2



Why multi-modal uncertainty?

Start

Possible goal location #1

Possible goal location #2



Why multi-modal uncertainty?

Start

Discrete partially observable state

Discrete observation 

Observable states 

e 2 E = {1, . . . , |E|}

<latexit sha1_base64="OovGJWwGLX76pz2jC1ANhXmnkkk=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUoiBXUhFEVwWcE+oAllMpm0QyeTMDMRStrfcOOvuHGhiEtd+TdO2ixq64ELh3Pu5d57vJhRqSzrxyisrK6tbxQ3S1vbO7t75v5BS0aJwKSJIxaJjockYZSTpqKKkU4sCAo9Rtre8Cbz249ESBrxBzWKiRuiPqcBxUhpqWdaBDqUQydEaoARS28n8Ao6qV2BDvMjJStwPOeNnUnPLFtVawq4TOyclEGORs/8cvwIJyHhCjMkZde2YuWmSCiKGZmUnESSGOEh6pOuphyFRLrp9LMJPNGKD4NI6OIKTtX5iRSFUo5CT3dmV8pFLxP/87qJCi7clPI4UYTj2aIgYVBFMIsJ+lQQrNhIE4QF1bdCPEACYaXDLOkQ7MWXl0nrrGrXqpf3tXL9Oo+jCI7AMTgFNjgHdXAHGqAJMHgCL+ANvBvPxqvxYXzOWgtGPnMI/sD4/gUNBZ/F</latexit>

o 2 O = {1, . . . , |O|}

<latexit sha1_base64="CKrhjWN8/Z92wqH/tOJW+wU+HWE=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KGVGCupCKLpxZwX7gM5QMpm0Dc0kQ5IRyrS/4cZfceNCEZe68m/MtLOorQcuHM65l3vv8SNGlbbtHyu3srq2vpHfLGxt7+zuFfcPmkrEEpMGFkzIto8UYZSThqaakXYkCQp9Rlr+8Cb1W49EKir4gx5FxAtRn9MexUgbqVu0BXQph26I9AAjltxN4BV0E6cMXRYIrcpwPOeN3Um3WLIr9hRwmTgZKYEM9W7xyw0EjkPCNWZIqY5jR9pLkNQUMzIpuLEiEcJD1CcdQzkKifKS6WcTeGKUAPaENMU1nKrzEwkKlRqFvulMr1SLXir+53Vi3bvwEsqjWBOOZ4t6MYNawDQmGFBJsGYjQxCW1NwK8QBJhLUJs2BCcBZfXibNs4pTrVzeV0u16yyOPDgCx+AUOOAc1MAtqIMGwOAJvIA38G49W6/Wh/U5a81Z2cwh+APr+xc9u5/j</latexit>

x 2 Rn

<latexit sha1_base64="kxv3aGpc4gXknB3vEk+wF1XJOSo=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUmkoO6KblxWsQ9oYplMp+3QySTMTKQl5FfcuFDErT/izr9x0mahrQcGDufcyz1z/IgzpW372yqsrW9sbhW3Szu7e/sH5cNKW4WxJLRFQh7Kro8V5UzQlmaa024kKQ58Tjv+5CbzO09UKhaKBz2LqBfgkWBDRrA2Ur9cmSKXCeQGWI99P7lPH41YtWv2HGiVODmpQo5mv/zlDkISB1RowrFSPceOtJdgqRnhNC25saIRJhM8oj1DBQ6o8pJ59hSdGmWAhqE0T2g0V39vJDhQahb4ZjLLqJa9TPzP68V6eOklTESxpoIsDg1jjnSIsiLQgElKNJ8ZgolkJisiYywx0aaukinBWf7yKmmf15x67equXm1c53UU4RhO4AwcuIAG3EITWkBgCs/wCm9War1Y79bHYrRg5TtH8AfW5w+jpZQ2</latexit>

Mixed-Continuous and Mixed-Observable
Markov Decision Process

Possible goal location #1

Possible goal location #2



Example 2

X1

<latexit sha1_base64="k2Bo6ywMgfhbkiof5FGhYiaToxw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsA9oh5JJb9vQTGZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXju8xvTVBpHslHM43RD+lQ8gFn1FjJ74bUjBgVaXvW83rlilt15yCrxMtJBXLUe+Wvbj9iSYjSMEG17nhubPyUKsOZwFmpm2iMKRvTIXYslTRE7afz0DNyZpU+GUTKPmnIXP29kdJQ62kY2MkspF72MvE/r5OYwbWfchknBiVbHBokgpiIZA2QPlfIjJhaQpniNithI6ooM7anki3BW/7yKmleVL3L6s3DZaV2m9dRhBM4hXPw4ApqcA91aACDJ3iGV3hzJs6L8+58LEYLTr5zDH/gfP4AxM2SHg==</latexit>

X2

<latexit sha1_base64="sffeZ95xleI7f7QbbYGutitPrPk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUgrorunFZwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpf5nSlVmkXy0cxi6gs8kixkBBsr+X2BzZhgnnbng9qgXHGr7gJonXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRe6ieaxphM8Ij2LJVYUO2ni9BzdGGVIQojZZ80aKH+3kix0HomAjuZhdSrXib+5/USE177KZNxYqgky0NhwpGJUNYAGjJFieEzSzBRzGZFZIwVJsb2VLIleKtfXiftWtWrV28e6pXGbV5HEc7gHC7BgytowD00oQUEnuAZXuHNmTovzrvzsRwtOPnOKfyB8/kDxlGSHw==</latexit>

p2 = 0.85

<latexit sha1_base64="+pHGeEM5ru988DBdchGG4bGy4l0="></latexit>

p1 = 0.85

<latexit sha1_base64="Cp+p7QWjw11c30v4yRVT32d9Ccc="></latexit>

In this example 𝑁 = 60 and 𝑁! = 30



Example 2

X1

<latexit sha1_base64="k2Bo6ywMgfhbkiof5FGhYiaToxw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsA9oh5JJb9vQTGZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXju8xvTVBpHslHM43RD+lQ8gFn1FjJ74bUjBgVaXvW83rlilt15yCrxMtJBXLUe+Wvbj9iSYjSMEG17nhubPyUKsOZwFmpm2iMKRvTIXYslTRE7afz0DNyZpU+GUTKPmnIXP29kdJQ62kY2MkspF72MvE/r5OYwbWfchknBiVbHBokgpiIZA2QPlfIjJhaQpniNithI6ooM7anki3BW/7yKmleVL3L6s3DZaV2m9dRhBM4hXPw4ApqcA91aACDJ3iGV3hzJs6L8+58LEYLTr5zDH/gfP4AxM2SHg==</latexit>

X2

<latexit sha1_base64="sffeZ95xleI7f7QbbYGutitPrPk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUgrorunFZwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpf5nSlVmkXy0cxi6gs8kixkBBsr+X2BzZhgnnbng9qgXHGr7gJonXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRe6ieaxphM8Ij2LJVYUO2ni9BzdGGVIQojZZ80aKH+3kix0HomAjuZhdSrXib+5/USE177KZNxYqgky0NhwpGJUNYAGjJFieEzSzBRzGZFZIwVJsb2VLIleKtfXiftWtWrV28e6pXGbV5HEc7gHC7BgytowD00oQUEnuAZXuHNmTovzrvzsRwtOPnOKfyB8/kDxlGSHw==</latexit>

p2 = 0.85

<latexit sha1_base64="+pHGeEM5ru988DBdchGG4bGy4l0="></latexit>

p1 = 0.85

<latexit sha1_base64="Cp+p7QWjw11c30v4yRVT32d9Ccc="></latexit>

X1

<latexit sha1_base64="k2Bo6ywMgfhbkiof5FGhYiaToxw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsA9oh5JJb9vQTGZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXju8xvTVBpHslHM43RD+lQ8gFn1FjJ74bUjBgVaXvW83rlilt15yCrxMtJBXLUe+Wvbj9iSYjSMEG17nhubPyUKsOZwFmpm2iMKRvTIXYslTRE7afz0DNyZpU+GUTKPmnIXP29kdJQ62kY2MkspF72MvE/r5OYwbWfchknBiVbHBokgpiIZA2QPlfIjJhaQpniNithI6ooM7anki3BW/7yKmleVL3L6s3DZaV2m9dRhBM4hXPw4ApqcA91aACDJ3iGV3hzJs6L8+58LEYLTr5zDH/gfP4AxM2SHg==</latexit>

X2

<latexit sha1_base64="sffeZ95xleI7f7QbbYGutitPrPk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUgrorunFZwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpf5nSlVmkXy0cxi6gs8kixkBBsr+X2BzZhgnnbng9qgXHGr7gJonXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRe6ieaxphM8Ij2LJVYUO2ni9BzdGGVIQojZZ80aKH+3kix0HomAjuZhdSrXib+5/USE177KZNxYqgky0NhwpGJUNYAGjJFieEzSzBRzGZFZIwVJsb2VLIleKtfXiftWtWrV28e6pXGbV5HEc7gHC7BgytowD00oQUEnuAZXuHNmTovzrvzsRwtOPnOKfyB8/kDxlGSHw==</latexit>

p2 = 0.85

<latexit sha1_base64="+pHGeEM5ru988DBdchGG4bGy4l0="></latexit>

p1 = 0.7

<latexit sha1_base64="ZJugvNwqovLWlIKJvbldWc+Idx4="></latexit>

In these examples 𝑁 = 60 and 𝑁! = 30



Example 2

X1

<latexit sha1_base64="k2Bo6ywMgfhbkiof5FGhYiaToxw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsA9oh5JJb9vQTGZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXju8xvTVBpHslHM43RD+lQ8gFn1FjJ74bUjBgVaXvW83rlilt15yCrxMtJBXLUe+Wvbj9iSYjSMEG17nhubPyUKsOZwFmpm2iMKRvTIXYslTRE7afz0DNyZpU+GUTKPmnIXP29kdJQ62kY2MkspF72MvE/r5OYwbWfchknBiVbHBokgpiIZA2QPlfIjJhaQpniNithI6ooM7anki3BW/7yKmleVL3L6s3DZaV2m9dRhBM4hXPw4ApqcA91aACDJ3iGV3hzJs6L8+58LEYLTr5zDH/gfP4AxM2SHg==</latexit>

X2

<latexit sha1_base64="sffeZ95xleI7f7QbbYGutitPrPk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUgrorunFZwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpf5nSlVmkXy0cxi6gs8kixkBBsr+X2BzZhgnnbng9qgXHGr7gJonXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRe6ieaxphM8Ij2LJVYUO2ni9BzdGGVIQojZZ80aKH+3kix0HomAjuZhdSrXib+5/USE177KZNxYqgky0NhwpGJUNYAGjJFieEzSzBRzGZFZIwVJsb2VLIleKtfXiftWtWrV28e6pXGbV5HEc7gHC7BgytowD00oQUEnuAZXuHNmTovzrvzsRwtOPnOKfyB8/kDxlGSHw==</latexit>

p2 = 0.85

<latexit sha1_base64="+pHGeEM5ru988DBdchGG4bGy4l0="></latexit>

p1 = 0.7

<latexit sha1_base64="ZJugvNwqovLWlIKJvbldWc+Idx4="></latexit>

X1

<latexit sha1_base64="k2Bo6ywMgfhbkiof5FGhYiaToxw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsA9oh5JJb9vQTGZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXju8xvTVBpHslHM43RD+lQ8gFn1FjJ74bUjBgVaXvW83rlilt15yCrxMtJBXLUe+Wvbj9iSYjSMEG17nhubPyUKsOZwFmpm2iMKRvTIXYslTRE7afz0DNyZpU+GUTKPmnIXP29kdJQ62kY2MkspF72MvE/r5OYwbWfchknBiVbHBokgpiIZA2QPlfIjJhaQpniNithI6ooM7anki3BW/7yKmleVL3L6s3DZaV2m9dRhBM4hXPw4ApqcA91aACDJ3iGV3hzJs6L8+58LEYLTr5zDH/gfP4AxM2SHg==</latexit>

X2

<latexit sha1_base64="sffeZ95xleI7f7QbbYGutitPrPk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUgrorunFZwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpf5nSlVmkXy0cxi6gs8kixkBBsr+X2BzZhgnnbng9qgXHGr7gJonXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRe6ieaxphM8Ij2LJVYUO2ni9BzdGGVIQojZZ80aKH+3kix0HomAjuZhdSrXib+5/USE177KZNxYqgky0NhwpGJUNYAGjJFieEzSzBRzGZFZIwVJsb2VLIleKtfXiftWtWrV28e6pXGbV5HEc7gHC7BgytowD00oQUEnuAZXuHNmTovzrvzsRwtOPnOKfyB8/kDxlGSHw==</latexit>

𝑁 = 60 and 𝑁! = 12 𝑁 = 60 and 𝑁! = 30

Optimal cost: 1237.37 Optimal cost: 3264.31 


