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Today’s goals:
► Review standard model-based and model-free RL strategies
► Design efficient model-based RL framework

► Summary of the challenges ahead of us



Today’s Example



Lessons from Model Predictive Control (MPC)

► Predicted trajectory given by Prediction Model
► Safe region estimated by the Safe Set
► Predicted cost estimated by Value Function

Predicted Trajectory

Safe Region

Predicted  Cost
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Identified from historical data
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Estimate these components 
to simplify the design

Identified from historical data



Safe Set

Three key components to learn
Value FunctionPrediction Model
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Theoretical Foundations of Reinforcement Learning

1996 1998 2020



Theoretical Foundations of Reinforcement Learning

Value function to compute 
future cost

Map from all possible board 
configurations to the cost!

Principle of Optimality:

Optimal 
Control Action

Future cost

u⇤ = argmin
u2U

⇥
h(x, u) + E[V ⇤(x+)|x, u]

⇤

<latexit sha1_base64="zk1iGXkfUc6VrGu+ERCjgoH/afQ="></latexit>

(𝑥, 𝑢)x+

<latexit sha1_base64="V7oPQmArG9hruWQwM2R8f+TwaOU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIexKQL0FvXiMaB6QrGF2MpsMmZ1dZnrFsOQTvHhQxKtf5M2/cfI4aGJBQ1HVTXdXkEhh0HW/naXlldW19dxGfnNre2e3sLdfN3GqGa+xWMa6GVDDpVC8hgIlbyaa0yiQvBEMrsd+45FrI2J1j8OE+xHtKREKRtFKd08Pp51C0S25E5BF4s1IEWaodgpf7W7M0ogrZJIa0/LcBP2MahRM8lG+nRqeUDagPd6yVNGIGz+bnDoix1bpkjDWthSSifp7IqORMcMosJ0Rxb6Z98bif14rxfDCz4RKUuSKTReFqSQYk/HfpCs0ZyiHllCmhb2VsD7VlKFNJ29D8OZfXiT1s5JXLl3elouVq1kcOTiEIzgBD86hAjdQhRow6MEzvMKbI50X5935mLYuObOZA/gD5/MHBPONpQ==</latexit>

x+

<latexit sha1_base64="V7oPQmArG9hruWQwM2R8f+TwaOU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIexKQL0FvXiMaB6QrGF2MpsMmZ1dZnrFsOQTvHhQxKtf5M2/cfI4aGJBQ1HVTXdXkEhh0HW/naXlldW19dxGfnNre2e3sLdfN3GqGa+xWMa6GVDDpVC8hgIlbyaa0yiQvBEMrsd+45FrI2J1j8OE+xHtKREKRtFKd08Pp51C0S25E5BF4s1IEWaodgpf7W7M0ogrZJIa0/LcBP2MahRM8lG+nRqeUDagPd6yVNGIGz+bnDoix1bpkjDWthSSifp7IqORMcMosJ0Rxb6Z98bif14rxfDCz4RKUuSKTReFqSQYk/HfpCs0ZyiHllCmhb2VsD7VlKFNJ29D8OZfXiT1s5JXLl3elouVq1kcOTiEIzgBD86hAjdQhRow6MEzvMKbI50X5935mLYuObOZA/gD5/MHBPONpQ==</latexit>

Prediction Model to compute

Instantaneous 
cost

Future state



Deep Reinforcement Learning

Value function to compute 
future cost

Map from all possible board 
configurations to the cost!

Principle of Optimality:

Optimal 
Control Action

Future cost
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x+
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Model-Based vs Model-Free
Principle of Optimality:
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Model-Based vs Model-Free
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⇤
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Instantaneous 
cost

Future state

Model-Based RL

[u⇤, u1, . . . , uN�1] = argmin
uk2U

E
hN�1X

k=0

h(xk, uk) + V ⇤(xN )
i

<latexit sha1_base64="LfZHNrvbuDWQbtYPyXhiTFU0pCg="></latexit>



Model-Based vs Model-Free

The above, for long horizon N is approximated as
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Model-Based vs Model-Free

The above, for long horizon N is approximated as

Model-Based RL Model-Free RL

Principle of Optimality:

Q⇤(x, u) = h(x, u) + E[V ⇤(x+)|x, u]

<latexit sha1_base64="rTki/hDebHcfdvqvHSc5/Ap2vfQ=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARWqtlRgrqQiiK4LIFe4HptGTStA3NXEgyYhn7FG58FTcuFHEr7nwbM+0stPVA4OP/zyHn/E7AqJCG8a2lFhaXllfSq5m19Y3NLX17py78kGNSwz7zedNBgjDqkZqkkpFmwAlyHUYazvAq9ht3hAvqe7dyFBDbRX2P9ihGUkkd/bjaPszdH4V5eAEHUyjAlovkwHGi67FVj+12If8AlWd39KxRNCYF58FMIAuSqnT0r1bXx6FLPIkZEsIyjUDaEeKSYkbGmVYoSIDwEPWJpdBDLhF2NDlrDA+U0oU9n6vnSThRf09EyBVi5DqqM15YzHqx+J9nhbJ3ZkfUC0JJPDz9qBcyKH0YZwS7lBMs2UgBwpyqXSEeII6wVElmVAjm7MnzUD8pmqXiebWULV8mcaTBHtgHOWCCU1AGN6ACagCDR/AMXsGb9qS9aO/ax7Q1pSUzu+BPaZ8/1T6cGg==</latexit>

Define the Q-factor:

Then the optimal action is

u⇤ = argmin
u2U

Q⇤(x, u)

<latexit sha1_base64="jAzb1jCTC4C/HpJhgwTjV2QXris=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkQcKuBNRCCNpYJmAekE3C7GQ2GTI7u8xDDMt+g42/YmOhiK2VnX/j5FFo4oELh3Pu5d57vIhRqWz720qtrK6tb6Q3M1vbO7t72f2Dhgy1wKSOQxaKlockYZSTuqKKkVYkCAo8Rpre6GbiN++JkDTkd2ockU6ABpz6FCNlpF62oLtFeAVdJAZuQHkv1i7lboDUECMW15ME1rrF/MOpLvSyObtkTwGXiTMnOTBHtZf9cvsh1gHhCjMkZduxI9WJkVAUM5JkXC1JhPAIDUjbUI4CIjvx9KUEnhilD/1QmOIKTtXfEzEKpBwHnumcHCsXvYn4n9fWyr/oxJRHWhGOZ4t8zaAK4SQf2KeCYMXGhiAsqLkV4iESCCuTYsaE4Cy+vEwaZyWnXLqslXOV63kcaXAEjkEeOOAcVMAtqII6wOARPINX8GY9WS/Wu/Uxa01Z85lD8AfW5w+5/5zm</latexit>
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⇥
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Safe Set

Safety-critical Control

Three key components to learn
Value FunctionPrediction Model

Model-free RLModel-based RL

Garage

Theater

p

1-p

c = Nc = N-1c = 1c = 100 c = N-n



+

<latexit sha1_base64="5gUpEueemIOpL4kdq4Bq/9+7w9Q=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXAuot6MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfywYwT9CM6kDzkjBor1S96xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOy7FXKN/VKqXqbxZGHEziFc/DgCqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH3VljLs=</latexit>

min
{uk}N

k=0

E
 NX

t=0

h(xt, ut)

�

<latexit sha1_base64="mBiCZ10rTIcQ7hytS6dNFEnMhpg="></latexit>

min
u2U

Q⇤(x, u)

<latexit sha1_base64="1/oPwD7heafHtKzo8ox3xy7aq6w=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahipRECuqt6MVjC6YtNLVstpu6dLMJuxuxhJy9+Fe8eFDEq7/Am//GTZuDtj4YeLw3w8w8L2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMHFwyELR8ZAkjHLiKKoY6USCoMBjpO2NrjK/fU+EpCG/UeOI9AI05NSnGCkt9c19N6C8n8TQpRy6AVJ3GLHESVPYvD2uPJzER32zbFWtCeA8sXNSBjkaffPLHYQ4DghXmCEpu7YVqV6ChKKYkbTkxpJECI/QkHQ15SggspdMXknhoVYG0A+FLq7gRP09kaBAynHg6c7sWDnrZeJ/XjdW/nkvoTyKFeF4usiPGVQhzHKBAyoIVmysCcKC6lshvkMCYaXTK+kQ7NmX50nrtGrXqhfNWrl+mcdRBHvgAFSADc5AHVyDBnAABo/gGbyCN+PJeDHejY9pa8HIZ3bBHxifP+0KmcY=</latexit>

Three key components to learn
Value FunctionPrediction Model

Model-free RLModel-based RL

Safe Set

Safety-critical Control



What is different in safety-critical systems? 



What is different in safety-critical systems? Constraints



p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

What is different in safety-critical systems? Constraints



p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>
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p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>
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p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

What is different in safety-critical systems? Constraints



p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

What is different in safety-critical systems? Constraints



p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height

What is different in safety-critical systems? Constraints



p

<latexit sha1_base64="aWRgqP3B5yRSbZQpa5XnUkfcx8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmkm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/3fmNAA==</latexit>

Goal Height
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What is different in safety-critical systems? Constraints

Driving the drone to the origin is impossible due 
to inertia and input saturation

The drone can be driven to the origin only from a 
subset of the feasible set

Key Message: We need to approximate the value function only over a subset of the feasible set
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Value FunctionPrediction Model

Model-free RLModel-based RL

Data Efficient Learning!
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In this topic area you will 
learn how to leverage DNN to 

estimate system dynamics
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Local Linear Regression

Linearization around predicted trajectory

Kinematic Equations

▶ Nonlinear Dynamical System,

▶ Identifying the Dynamical System

Dynamic Equations

System ID in Autonomous Racing
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At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (CFTOCP)

Learning Model Predictive Controller

Prediction 
Model

Safe Set Predicted Trajectory

Safe Region

Predicted  Cost

JLMPC,j
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ut,...,uN�1

N�1X

k=0

h(xk, uk) + V j�1(xN , x)

s.t.

xk+1 = Akxk +Bkuk + Ck,

xt = xt,

xk 2 X , uk 2 U , 8k 2 [0, · · · , N � 1]

xN 2 CSj�1(x),
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Lap Time

The control action is 
computed using ~100 

data points

The control policy is 
constructed using ~1k 

data points (last 2 laps)

Lap Number

La
p 

tim
e 

[s]





Test Starts: LMPC accelerates

Breaking before entering the curve

Accelerating when exiting the curve

Speed m
/s

Velocity Profile at Convergence (Curve 1)



Breaking

Accelerating

Speed m
/s

Velocity Profile at Convergence (Chicane)



The key components
► Predicted trajectory given by prediction model
► Predicted cost estimated by value function
► Safe region estimated by the safe set



What is next? 
► Partial Observability

► Multi-agent systems

► Hierarchy + Learning

► Optimize over strategies, not trajectories
Wind #2

Wind #1



Thanks! Questions?
Code available online Course material online


