
Learning Model Predictive Control for Iterative Tasks
Theory and Application

Ugo Rosolia

AMBER Lab
California Institute of Technology

June 10th, 2021



OpenAI Google

Success Stories from AI
Alpha GO WayMo’s Perception Module



Success Stories from Control Theory
Boston Dynamics Stanford Dynamic Design Lab



Success Stories from Control Theory
Boston Dynamics Stanford Dynamic Design Lab

Optimal Trajectory System IdentificationTrajectory Tracking

Standard Control Pipeline



Can we simplify the control design?

Reinforcement Learning
M. Janner, J. Fu, M. Zhang, and S. Levine. "When to trust your model: Model-based policy optimization." arXiv preprint arXiv:1906.08253 (2019).

DeepMind

Data
New policy 𝜋

𝑥

𝑢

Data Hungry



Can we simplify the control design?

Reinforcement Learning
M. Janner, J. Fu, M. Zhang, and S. Levine. "When to trust your model: Model-based policy optimization." arXiv preprint arXiv:1906.08253 (2019).

DeepMind

Data
New policy 𝜋

𝑥

𝑢

Data Hungry

Today’s goals:
Design efficient model-based RL framework



Today’s Example



Lesson from Predictive Control

► Predicted trajectory given by Prediction Model
► Safe region estimated by the Safe Set
► Predicted cost estimated by Value Function

Predicted Trajectory

Safe Region

Predicted  Cost
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Model-free RL

min
u2U

Q⇤(x, u)

<latexit sha1_base64="1/oPwD7heafHtKzo8ox3xy7aq6w=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahipRECuqt6MVjC6YtNLVstpu6dLMJuxuxhJy9+Fe8eFDEq7/Am//GTZuDtj4YeLw3w8w8L2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMHFwyELR8ZAkjHLiKKoY6USCoMBjpO2NrjK/fU+EpCG/UeOI9AI05NSnGCkt9c19N6C8n8TQpRy6AVJ3GLHESVPYvD2uPJzER32zbFWtCeA8sXNSBjkaffPLHYQ4DghXmCEpu7YVqV6ChKKYkbTkxpJECI/QkHQ15SggspdMXknhoVYG0A+FLq7gRP09kaBAynHg6c7sWDnrZeJ/XjdW/nkvoTyKFeF4usiPGVQhzHKBAyoIVmysCcKC6lshvkMCYaXTK+kQ7NmX50nrtGrXqhfNWrl+mcdRBHvgAFSADc5AHVyDBnAABo/gGbyCN+PJeDHejY9pa8HIZ3bBHxifP+0KmcY=</latexit>

Safe Set

Safety-critical Control

S
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Three key components to learn
Value FunctionPrediction Model
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Model-based RL

min
{uk}N

k=0

E
 NX

t=0

h(xt, ut)

�
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Data Efficient Learning!
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Iterative Control Synthesis

Controller Performance Evaluation

Iterative Control Design 
Safety ?

Performance Improvement?

(Local) Optimality?

Task Execution

⇡j
= f(Historical Data)



Outline

▶ Iterative Control Design for Deterministic Systems

▶ Autonomous Racing Experiments
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▶ Autonomous Racing Experiments



Episodic Settings
Iterative data collection and policy update



Iterative Tasks – Problem Setup
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▶ One task execution referred to as “iteration” or “episode”
▶ Same initial and terminal state at each iteration
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Learning Model Predictive Control
Exploit historical data



At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (CFTOCP)

Learning Model Predictive Control (LMPC) – Key Idea
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Learning Model Predictive Control (LMPC) – Key Idea

Value Function

JLMPC,j
t!t+N (xj

t ) = min
uj
t|t,...,u

j
t+N�1|t

t+N�1X

k=t

h(xj
k|t, u

j
k|t) + V j�1(xj

t+N |t)

s.t.

xj
k+1|t = f(xj

k|t, u
j
k|t), 8k 2 [t, · · · , t+N � 1]

xj
t|t = xj

t ,

xj
k|t 2 X , uj

k|t 2 U , 8k 2 [t, · · · , t+N � 1]

xj
t+N |t 2 SSj�1,

<latexit sha1_base64="RuGS/tO5WgvSA1K7ohRiDmDElTY="></latexit>



At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (CFTOCP)

Learning Model Predictive Control (LMPC) – Key Idea

Prediction 
Model

Safe Set

Value Function

JLMPC,j
t!t+N (xj

t ) = min
uj
t|t,...,u

j
t+N�1|t

t+N�1X

k=t

h(xj
k|t, u

j
k|t) + V j�1(xj

t+N |t)

s.t.

xj
k+1|t = f(xj

k|t, u
j
k|t), 8k 2 [t, · · · , t+N � 1]

xj
t|t = xj

t ,

xj
k|t 2 X , uj

k|t 2 U , 8k 2 [t, · · · , t+N � 1]

xj
t+N |t 2 SSj�1,

<latexit sha1_base64="RuGS/tO5WgvSA1K7ohRiDmDElTY="></latexit>



At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (CFTOCP)

Learning Model Predictive Control (LMPC) – Key Idea

Prediction 
Model

Safe Set

Value Function

JLMPC,j
t!t+N (xj

t ) = min
uj
t|t,...,u

j
t+N�1|t

t+N�1X

k=t

h(xj
k|t, u

j
k|t) + V j�1(xj

t+N |t)

s.t.

xj
k+1|t = f(xj

k|t, u
j
k|t), 8k 2 [t, · · · , t+N � 1]

xj
t|t = xj

t ,

xj
k|t 2 X , uj

k|t 2 U , 8k 2 [t, · · · , t+N � 1]

xj
t+N |t 2 SSj�1,

<latexit sha1_base64="RuGS/tO5WgvSA1K7ohRiDmDElTY="></latexit>



At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (CFTOCP)

Learning Model Predictive Control (LMPC) – Key Idea

Prediction 
Model

Safe Set

Value Function

JLMPC,j
t!t+N (xj

t ) = min
uj
t|t,...,u

j
t+N�1|t

t+N�1X

k=t

h(xj
k|t, u

j
k|t) + V j�1(xj

t+N |t)

s.t.

xj
k+1|t = f(xj

k|t, u
j
k|t), 8k 2 [t, · · · , t+N � 1]

xj
t|t = xj

t ,

xj
k|t 2 X , uj

k|t 2 U , 8k 2 [t, · · · , t+N � 1]

xj
t+N |t 2 SSj�1,

<latexit sha1_base64="RuGS/tO5WgvSA1K7ohRiDmDElTY="></latexit>



At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (CFTOCP)

Then apply to the system the control input uj
t = u⇤,j

t|t

Learning Model Predictive Control (LMPC) – Key Idea

Prediction 
Model

Safe Set

Value Function

JLMPC,j
t!t+N (xj

t ) = min
uj
t|t,...,u

j
t+N�1|t

t+N�1X

k=t

h(xj
k|t, u

j
k|t) + V j�1(xj

t+N |t)

s.t.

xj
k+1|t = f(xj

k|t, u
j
k|t), 8k 2 [t, · · · , t+N � 1]

xj
t|t = xj

t ,

xj
k|t 2 X , uj

k|t 2 U , 8k 2 [t, · · · , t+N � 1]

xj
t+N |t 2 SSj�1,

<latexit sha1_base64="RuGS/tO5WgvSA1K7ohRiDmDElTY="></latexit>



At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (CFTOCP)

Then apply to the system the control input uj
t = u⇤,j

t|t

Learning Model Predictive Control (LMPC) – Key Idea

Safe Set

Value Function

JLMPC,j
t!t+N (xj

t ) = min
uj
t|t,...,u

j
t+N�1|t

t+N�1X

k=t

h(xj
k|t, u

j
k|t) + V j�1(xj

t+N |t)

s.t.

xj
k+1|t = f(xj

k|t, u
j
k|t), 8k 2 [t, · · · , t+N � 1]

xj
t|t = xj

t ,

xj
k|t 2 X , uj

k|t 2 U , 8k 2 [t, · · · , t+N � 1]

xj
t+N |t 2 SSj�1,

<latexit sha1_base64="RuGS/tO5WgvSA1K7ohRiDmDElTY="></latexit>



At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (CFTOCP)

Then apply to the system the control input uj
t = u⇤,j

t|t

Learning Model Predictive Control (LMPC) – Key Idea

Safe Set

JLMPC,j
t!t+N (xj

t ) = min
uj
t|t,...,u

j
t+N�1|t

t+N�1X

k=t

h(xj
k|t, u

j
k|t) + V j�1(xj

t+N |t)

s.t.

xj
k+1|t = f(xj

k|t, u
j
k|t), 8k 2 [t, · · · , t+N � 1]

xj
t|t = xj

t ,

xj
k|t 2 X , uj

k|t 2 U , 8k 2 [t, · · · , t+N � 1]

xj
t+N |t 2 SSj�1,

<latexit sha1_base64="RuGS/tO5WgvSA1K7ohRiDmDElTY="></latexit>



Iteration 0
Assume that at iteration 0 a feasible trajectory is known
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Assume that at iteration 0 a feasible trajectory is known
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At iteration 0
A Control Invariant Set

for Constrained Nonlinear 
Dynamical  Systems



Iteration 1, Step 0
Use as terminal set at Iteration 1SS0
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Update the safe set with the new closed-loop trajectory
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Update the safe set with the new closed-loop trajectory

x1
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Terminal Set: Convex hull of Sample Safe Set

Definition: Convex Safe Set At every iteration j
A Control Invariant Set

for Constrained Linear Dynamical  
Systems

CSj = Conv(SSj) = Conv

 (
j[

k=0

1[

t=0

xi
t

)!
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Value Function Approximation
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At each time t of iteration j, solve

LMPC Summary
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j
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k|t, u
j
k|t), 8k 2 [t, · · · , t+N � 1]

xj
t|t = xj

t ,

xj
k|t 2 X , uj

k|t 2 U , 8k 2 [t, · · · , t+N � 1]

xj
t+N |t 2 SSj�1,

<latexit sha1_base64="RuGS/tO5WgvSA1K7ohRiDmDElTY="></latexit>



At each time t of iteration j, solve

LMPC Summary

Constructed using 
historical data
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At each time t of iteration j, solve

LMPC Summary

The properties of the (convex) safe set and (convex) Q-function allows us to guarantee:
▶ Safety: constraint satisfaction at iteration j → satisfaction at iteration j+1
▶ Non-decreasing Performance: closed-loop cost at iteration j >= closed-loop cost at iteration j+1
▶ Performance Improvement: closed-loop cost strictly deceasing at each iteration (LICQ required)
▶ (Global) optimality: steady state trajectory is optimal for the original problem (LICQ required)

Guarantees for constrained (linear) systems [1,2]

[1] U. Rosolia, F. Borrelli. “Learning model predictive control for iterative tasks. a data-driven control framework.” IEEE Transactions on Automatic Control (2018).
[2] U. Rosolia, F. Borrelli. “Learning model predictive control for iterative tasks: A computationally efficient approach for linear system.” IFAC-PapersOnLine (2017)
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Practical Implementation
LMPC convex formulation and the constrained LQR example



JLMPC,j
t!t+N (xj

t ) = min
ut|t,...,ut+N�1|t
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J i
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k)�

i
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s.t.

xk+1|t = Axk|t +Buk|t, 8k 2 [t, · · · , t+N � 1]

xt|t = xj
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i=0

X
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xi
k�

i
k,

j�1X

i=0

X
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�i
k = 1, �i
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Linear(ized) LMPC

xt+N |t 2 CSj�1

At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (FTOCP)

V j�1
c (xt+N |t)
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▶ Convex optimization problem over inputs and lambdas
▶ Safety and performance improvement guarantees still hold (simple proofs as before)
▶ Converges to global optimal solution (Constraints Qualification Condition required)
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Starting State

Infinite Time Optimal Control Problem

Origin

x0
t

The goal of the control design is to solve the 
following constrained LQR problem for the 
double integrator system,
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1 1
0 1

�
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
0
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�
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Example I: Constrained LQR



Iterative LMPC
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Assumption: A first feasible trajectory at iteration 0 is given
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Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
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Assumption: A first feasible trajectory at iteration 0 is given
Iterative LMPC
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Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
Step 2: Define      which interpolates 

linearly the roll-out cost

Iterative LMPC

Example I: Constrained LQR
Assumption: A first feasible trajectory at iteration 0 is given

V
j c
(x
)
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<latexit sha1_base64="7O/TISjbDCJ4/Otod+F06ojxgZQ=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabYNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbWV1b38hvFra2d3b3ivsHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o+up33pkSvNI3plxzLyQDCQPOCXGSu3mvdOj5afTXrHkVJwZ8DJxM1KCDPVe8avbj2gSMmmoIFp3XCc2XkqU4VSwSaGbaBYTOiID1rFUkpBpL53dO8EnVunjIFK2pMEz9fdESkKtx6FvO0NihnrRm4r/eZ3EBBdeymWcGCbpfFGQCGwiPH0e97li1IixJYQqbm/FdEgUocZGVLAhuIsvL5PmWcWtVi5vq6XaVRZHHo7gGMrgwjnU4Abq0AAKAp7hFd7QA3pB7+hj3ppD2cwh/AH6/AHwAo9F</latexit>

V j

<latexit sha1_base64="QzRc916Gov7kET9qRzivbAc8dRA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMaB6QrGF20knGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffEKleSTvzThGP6QDyfucUWOlu8bDY7dYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/hp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zspepXx5WylVr7I48nAEx3AKHpxDFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDMKONwg==</latexit>



Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
Step 2: Define      which interpolates 

linearly the roll-out cost

Iterative LMPC

Example I: Constrained LQR

CS0

Assumption: A first feasible trajectory at iteration 0 is given

V
j c
(x
)

<latexit sha1_base64="Xx4/3FdrAOzENQr9xer0pewhobc=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabaNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aPXBwOO9GWbm+bHg2jjOF8otLa+sruXXCxubW9s7xd29po4SRVmDRiJSbZ9oJrhkDcONYO1YMRL6grX80eXUbz0wpXkkb8w4Zl5IBpIHnBJjpXbz9q5Hy4/HvWLJqTgz4L/EzUgJMtR7xc9uP6JJyKShgmjdcZ3YeClRhlPBJoVuollM6IgMWMdSSUKmvXR27wQfWaWPg0jZkgbP1J8TKQm1Hoe+7QyJGepFbyr+53USE5x5KZdxYpik80VBIrCJ8PR53OeKUSPGlhCquL0V0yFRhBobUcGG4C6+/Jc0TyputXJ+XS3VLrI48nAAh1AGF06hBldQhwZQEPAEL/CK7tEzekPv89Ycymb24RfQxzdJG49/</latexit>

V 0
c (x)

<latexit sha1_base64="7O/TISjbDCJ4/Otod+F06ojxgZQ=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabYNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbWV1b38hvFra2d3b3ivsHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o+up33pkSvNI3plxzLyQDCQPOCXGSu3mvdOj5afTXrHkVJwZ8DJxM1KCDPVe8avbj2gSMmmoIFp3XCc2XkqU4VSwSaGbaBYTOiID1rFUkpBpL53dO8EnVunjIFK2pMEz9fdESkKtx6FvO0NihnrRm4r/eZ3EBBdeymWcGCbpfFGQCGwiPH0e97li1IixJYQqbm/FdEgUocZGVLAhuIsvL5PmWcWtVi5vq6XaVRZHHo7gGMrgwjnU4Abq0AAKAp7hFd7QA3pB7+hj3ppD2cwh/AH6/AHwAo9F</latexit>

V j

<latexit sha1_base64="QzRc916Gov7kET9qRzivbAc8dRA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMaB6QrGF20knGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffEKleSTvzThGP6QDyfucUWOlu8bDY7dYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/hp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zspepXx5WylVr7I48nAEx3AKHpxDFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDMKONwg==</latexit>



Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
Step 2: Define      which interpolates 

linearly the roll-out cost
Step 3: Run a closed-loop simulation at 

iteration j+1

Iterative LMPC

Closed-loop at 
iteration j=1

Example I: Constrained LQR
Assumption: A first feasible trajectory at iteration 0 is given

V
j c
(x
)

<latexit sha1_base64="Xx4/3FdrAOzENQr9xer0pewhobc=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabaNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aPXBwOO9GWbm+bHg2jjOF8otLa+sruXXCxubW9s7xd29po4SRVmDRiJSbZ9oJrhkDcONYO1YMRL6grX80eXUbz0wpXkkb8w4Zl5IBpIHnBJjpXbz9q5Hy4/HvWLJqTgz4L/EzUgJMtR7xc9uP6JJyKShgmjdcZ3YeClRhlPBJoVuollM6IgMWMdSSUKmvXR27wQfWaWPg0jZkgbP1J8TKQm1Hoe+7QyJGepFbyr+53USE5x5KZdxYpik80VBIrCJ8PR53OeKUSPGlhCquL0V0yFRhBobUcGG4C6+/Jc0TyputXJ+XS3VLrI48nAAh1AGF06hBldQhwZQEPAEL/CK7tEzekPv89Ycymb24RfQxzdJG49/</latexit>

V 0
c (x)

<latexit sha1_base64="7O/TISjbDCJ4/Otod+F06ojxgZQ=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabYNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbWV1b38hvFra2d3b3ivsHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o+up33pkSvNI3plxzLyQDCQPOCXGSu3mvdOj5afTXrHkVJwZ8DJxM1KCDPVe8avbj2gSMmmoIFp3XCc2XkqU4VSwSaGbaBYTOiID1rFUkpBpL53dO8EnVunjIFK2pMEz9fdESkKtx6FvO0NihnrRm4r/eZ3EBBdeymWcGCbpfFGQCGwiPH0e97li1IixJYQqbm/FdEgUocZGVLAhuIsvL5PmWcWtVi5vq6XaVRZHHo7gGMrgwjnU4Abq0AAKAp7hFd7QA3pB7+hj3ppD2cwh/AH6/AHwAo9F</latexit>

V j

<latexit sha1_base64="QzRc916Gov7kET9qRzivbAc8dRA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMaB6QrGF20knGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffEKleSTvzThGP6QDyfucUWOlu8bDY7dYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/hp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zspepXx5WylVr7I48nAEx3AKHpxDFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDMKONwg==</latexit>



Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
Step 2: Define      which interpolates 

linearly the roll-out cost
Step 3: Run a closed-loop simulation at 

iteration j+1
Step 5: Set iteration counter j = j+1. Go         
``````.to Step 1

Iterative LMPC

Closed-loop at 
iteration j=1

Example I: Constrained LQR
Assumption: A first feasible trajectory at iteration 0 is given

V
j c
(x
)

<latexit sha1_base64="Xx4/3FdrAOzENQr9xer0pewhobc=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabaNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aPXBwOO9GWbm+bHg2jjOF8otLa+sruXXCxubW9s7xd29po4SRVmDRiJSbZ9oJrhkDcONYO1YMRL6grX80eXUbz0wpXkkb8w4Zl5IBpIHnBJjpXbz9q5Hy4/HvWLJqTgz4L/EzUgJMtR7xc9uP6JJyKShgmjdcZ3YeClRhlPBJoVuollM6IgMWMdSSUKmvXR27wQfWaWPg0jZkgbP1J8TKQm1Hoe+7QyJGepFbyr+53USE5x5KZdxYpik80VBIrCJ8PR53OeKUSPGlhCquL0V0yFRhBobUcGG4C6+/Jc0TyputXJ+XS3VLrI48nAAh1AGF06hBldQhwZQEPAEL/CK7tEzekPv89Ycymb24RfQxzdJG49/</latexit>

V 0
c (x)

<latexit sha1_base64="7O/TISjbDCJ4/Otod+F06ojxgZQ=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabYNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbWV1b38hvFra2d3b3ivsHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o+up33pkSvNI3plxzLyQDCQPOCXGSu3mvdOj5afTXrHkVJwZ8DJxM1KCDPVe8avbj2gSMmmoIFp3XCc2XkqU4VSwSaGbaBYTOiID1rFUkpBpL53dO8EnVunjIFK2pMEz9fdESkKtx6FvO0NihnrRm4r/eZ3EBBdeymWcGCbpfFGQCGwiPH0e97li1IixJYQqbm/FdEgUocZGVLAhuIsvL5PmWcWtVi5vq6XaVRZHHo7gGMrgwjnU4Abq0AAKAp7hFd7QA3pB7+hj3ppD2cwh/AH6/AHwAo9F</latexit>

V j

<latexit sha1_base64="QzRc916Gov7kET9qRzivbAc8dRA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMaB6QrGF20knGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffEKleSTvzThGP6QDyfucUWOlu8bDY7dYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/hp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zspepXx5WylVr7I48nAEx3AKHpxDFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDMKONwg==</latexit>



Iterative LMPC
Iteration cost

X

t

h(xj
t , u

j
t )

Q
j
(x
)

Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
Step 2: Define      which interpolates 

linearly the roll-out cost
Step 3: Run a closed-loop simulation at 

iteration j+1
Step 5: Set iteration counter j = j+1. Go         
``````.to Step 1

Example I: Constrained LQR
Assumption: A first feasible trajectory at iteration 0 is given

V
j c
(x
)

<latexit sha1_base64="Xx4/3FdrAOzENQr9xer0pewhobc=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabaNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aPXBwOO9GWbm+bHg2jjOF8otLa+sruXXCxubW9s7xd29po4SRVmDRiJSbZ9oJrhkDcONYO1YMRL6grX80eXUbz0wpXkkb8w4Zl5IBpIHnBJjpXbz9q5Hy4/HvWLJqTgz4L/EzUgJMtR7xc9uP6JJyKShgmjdcZ3YeClRhlPBJoVuollM6IgMWMdSSUKmvXR27wQfWaWPg0jZkgbP1J8TKQm1Hoe+7QyJGepFbyr+53USE5x5KZdxYpik80VBIrCJ8PR53OeKUSPGlhCquL0V0yFRhBobUcGG4C6+/Jc0TyputXJ+XS3VLrI48nAAh1AGF06hBldQhwZQEPAEL/CK7tEzekPv89Ycymb24RfQxzdJG49/</latexit>

V j

<latexit sha1_base64="QzRc916Gov7kET9qRzivbAc8dRA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMaB6QrGF20knGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffEKleSTvzThGP6QDyfucUWOlu8bDY7dYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/hp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zspepXx5WylVr7I48nAEx3AKHpxDFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDMKONwg==</latexit>



Iterative LMPC

Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
Step 2: Define      which interpolates 

linearly the roll-out cost
Step 3: Run a closed-loop simulation at 

iteration j+1
Step 5: Set iteration counter j = j+1. Go         
``````.to Step 1

Example I: Constrained LQR
Assumption: A first feasible trajectory at iteration 0 is given

V
j c
(x
)

<latexit sha1_base64="Xx4/3FdrAOzENQr9xer0pewhobc=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabaNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aPXBwOO9GWbm+bHg2jjOF8otLa+sruXXCxubW9s7xd29po4SRVmDRiJSbZ9oJrhkDcONYO1YMRL6grX80eXUbz0wpXkkb8w4Zl5IBpIHnBJjpXbz9q5Hy4/HvWLJqTgz4L/EzUgJMtR7xc9uP6JJyKShgmjdcZ3YeClRhlPBJoVuollM6IgMWMdSSUKmvXR27wQfWaWPg0jZkgbP1J8TKQm1Hoe+7QyJGepFbyr+53USE5x5KZdxYpik80VBIrCJ8PR53OeKUSPGlhCquL0V0yFRhBobUcGG4C6+/Jc0TyputXJ+XS3VLrI48nAAh1AGF06hBldQhwZQEPAEL/CK7tEzekPv89Ycymb24RfQxzdJG49/</latexit>

V 0
c (x)

<latexit sha1_base64="7O/TISjbDCJ4/Otod+F06ojxgZQ=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabYNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbWV1b38hvFra2d3b3ivsHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o+up33pkSvNI3plxzLyQDCQPOCXGSu3mvdOj5afTXrHkVJwZ8DJxM1KCDPVe8avbj2gSMmmoIFp3XCc2XkqU4VSwSaGbaBYTOiID1rFUkpBpL53dO8EnVunjIFK2pMEz9fdESkKtx6FvO0NihnrRm4r/eZ3EBBdeymWcGCbpfFGQCGwiPH0e97li1IixJYQqbm/FdEgUocZGVLAhuIsvL5PmWcWtVi5vq6XaVRZHHo7gGMrgwjnU4Abq0AAKAp7hFd7QA3pB7+hj3ppD2cwh/AH6/AHwAo9F</latexit>

V 1
c (x)

<latexit sha1_base64="VekFFEo0aoj30bH6XvdpMqj2n0Y=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabYNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbWV1b38hvFra2d3b3ivsHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o+up33pkSvNI3plxzLyQDCQPOCXGSu3mvduj5afTXrHkVJwZ8DJxM1KCDPVe8avbj2gSMmmoIFp3XCc2XkqU4VSwSaGbaBYTOiID1rFUkpBpL53dO8EnVunjIFK2pMEz9fdESkKtx6FvO0NihnrRm4r/eZ3EBBdeymWcGCbpfFGQCGwiPH0e97li1IixJYQqbm/FdEgUocZGVLAhuIsvL5PmWcWtVi5vq6XaVRZHHo7gGMrgwjnU4Abq0AAKAp7hFd7QA3pB7+hj3ppD2cwh/AH6/AHxi49G</latexit>

V j

<latexit sha1_base64="QzRc916Gov7kET9qRzivbAc8dRA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMaB6QrGF20knGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffEKleSTvzThGP6QDyfucUWOlu8bDY7dYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/hp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zspepXx5WylVr7I48nAEx3AKHpxDFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDMKONwg==</latexit>



Key Messages: 
▶ The cost function is defined on a subset of the state space.
▶ The LMPC explores the state space in order to enlarge the terminal cost domain.

Iterative LMPC

Q
j
(x
)

Step 0: Set iteration counter j=0
Step 1: Compute the roll-out cost for the 

recorded data up to iteration j
Step 2: Define      which interpolates 

linearly the roll-out cost
Step 3: Run a closed-loop simulation at 

iteration j+1
Step 5: Set iteration counter j = j+1. Go         
``````.to Step 1

Example I: Constrained LQR
Assumption: A first feasible trajectory at iteration 0 is given

V
j c
(x
)

<latexit sha1_base64="Xx4/3FdrAOzENQr9xer0pewhobc=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabaNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aPXBwOO9GWbm+bHg2jjOF8otLa+sruXXCxubW9s7xd29po4SRVmDRiJSbZ9oJrhkDcONYO1YMRL6grX80eXUbz0wpXkkb8w4Zl5IBpIHnBJjpXbz9q5Hy4/HvWLJqTgz4L/EzUgJMtR7xc9uP6JJyKShgmjdcZ3YeClRhlPBJoVuollM6IgMWMdSSUKmvXR27wQfWaWPg0jZkgbP1J8TKQm1Hoe+7QyJGepFbyr+53USE5x5KZdxYpik80VBIrCJ8PR53OeKUSPGlhCquL0V0yFRhBobUcGG4C6+/Jc0TyputXJ+XS3VLrI48nAAh1AGF06hBldQhwZQEPAEL/CK7tEzekPv89Ycymb24RfQxzdJG49/</latexit>

V 0
c (x)

<latexit sha1_base64="7O/TISjbDCJ4/Otod+F06ojxgZQ=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXCuqt6MVjBfsB7VqyabYNzWbXJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbWV1b38hvFra2d3b3ivsHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o+up33pkSvNI3plxzLyQDCQPOCXGSu3mvdOj5afTXrHkVJwZ8DJxM1KCDPVe8avbj2gSMmmoIFp3XCc2XkqU4VSwSaGbaBYTOiID1rFUkpBpL53dO8EnVunjIFK2pMEz9fdESkKtx6FvO0NihnrRm4r/eZ3EBBdeymWcGCbpfFGQCGwiPH0e97li1IixJYQqbm/FdEgUocZGVLAhuIsvL5PmWcWtVi5vq6XaVRZHHo7gGMrgwjnU4Abq0AAKAp7hFd7QA3pB7+hj3ppD2cwh/AH6/AHwAo9F</latexit>

V 1
c (x)
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Cost LMPC: 49.9164

Optimal Cost: 49.9164

Cost Comparison
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▶ Some references:
v Bertsekas paper connecting MPC and ADP [1], books on RL and OC [2,3]
v Lewis and Vrabie survey [4]
v Recht survey [5]

▶ LMPC highlights
v Continuous state and action formulation
v Constraints satisfaction and Sampled Safe Sets
v V-function constructed locally  based  on  cost/model  driven exploration
v V-function at stored state is “exact” and upperbounds at intermediate points

[1] D. Bertsekas, “Dynamic programming and suboptimal control: A survey from ADP to MPC.” European Journal of Control 11.4-5 (2005)
[2] D. Bertsekas, “Reinforcement learning and optimal control.” Athena Scientific, 2019.
[3] D. Bertsekas, “Distributed Reinforcement Learning” http://web.mit.edu/dimitrib/www/RL_2_Rollout_&_PI.pdf
[4] F. Lewis, Frank, and D. Vrabie. "Reinforcement learning and adaptive dynamic programming for feedback control." IEEE circuits and systems magazine 9.3 (2009)
[5] R. Benjamin. "A tour of reinforcement learning: The view from continuous control." Annual Review of Control, Robotics, and Autonomous Systems 2 (2019)

Comparison with Approximate DP (aka RL)

http://web.mit.edu/dimitrib/www/RL_2_Rollout_&_PI.pdf


Forward Value Iteration

Dynamic Programming:
▶ Gridding, global properties
▶ Backward, one-step iteration

LMPC:
▶ No Gridding, local properties
▶ Forward, multi-step prediction
▶ LICQ required for optimality



Outline

▶ Iterative Control Design for Deterministic Systems

▶ Autonomous Racing Experiments



Learning MPC for Autonomous Racing
Real-time implementation on the Berkeley Autonomous Race Car (BARC)



min
T,u

T

x0 = xs, xT = XF

xk+1 = f(xk, uk), 8k 2 {0, . . . , T � 1}
xk 2 X , uk 2 U , 8k 2 {0, . . . , T � 1}

Start & end position

System dynamics
System constraints

Safety constraints

Control objective

Minimum Time Control Problem

Problem Formulation
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T,u

T

x0 = xs, xT = XF

xk+1 = f(xk, uk), 8k 2 {0, . . . , T � 1}
xk 2 X , uk 2 U , 8k 2 {0, . . . , T � 1}

Start & end position

System dynamics
System constraints

Safety constraints

Control objective

Minimum Time Control Problem

Problem Formulation

Position measured from the 
centerline à convex 
constraint sets



Key Assumption
We are given a first feasible trajectory and/or controller

Historical data



Learning Model Predictive Controller

Safe Set Predicted Trajectory

Safe Region

Predicted  Cost

Value Function
Prediction 
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At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (CFTOCP)
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Safe Set Local Approximations
Historical data

K(x) = {k-nearest neighbors to x}
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State



Safe Set Local Approximations
Historical data

CSj(x) = conv
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t2K(x) x
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◆
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K(x) = {k-nearest neighbors to x}
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Local convex safe set approximation:

State



At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (CFTOCP)

where

Learning Model Predictive Controller
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x = g(Previous Optimal Trajectory)
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At time t of iteration j solve the following Constrained Finite Time Optimal 
Control Problem (CFTOCP)

Learning Model Predictive Controller
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Value Function Local Approximations
Historical data
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Value Function Local Approximations
Historical data

State

K(x) = {k-nearest neighbors to x}
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Value Function Local Approximations
Historical data

State

K(x) = {k-nearest neighbors to x}
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System ID in Autonomous Racing
▶ Nonlinear Dynamical System,
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▶ Nonlinear Dynamical System,

▶ Identifying the Dynamical System

Dynamic Equations

System ID in Autonomous Racing

Linearization around predicted trajectory



xj
k+1|t =

2

6666664
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Kinematic Equations

▶ Nonlinear Dynamical System,

▶ Identifying the Dynamical System

Dynamic Equations
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Identifying the Dynamical System

Implementation Details

Local Linear Regression

Linearization around predicted trajectory

System Identification – Design Steps
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Identifying the Dynamical System

Implementation Details

System Identification – Design Steps

▶ Compute trajectory to linearize around from previous optimal inputs and stored data
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Identifying the Dynamical System

Implementation Details

System Identification – Design Steps

▶ Compute trajectory to linearize around from previous optimal inputs and stored data

▶ Enforce model-based sparsity in local linear regression
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Identifying the Dynamical System

▶ Compute trajectory to linearize around from previous optimal inputs and stored data

▶ Enforce model-based sparsity in local linear regression

▶ Perform local linear regression at the linearization points using a subset of the stored data

Implementation Details

System Identification – Design Steps

xj
k+1|t =

2

6666664
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Linearization around predicted trajectory
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Identifying the Dynamical System

▶ Compute trajectory to linearize around from previous optimal inputs and stored data

▶ Enforce model-based sparsity in local linear regression

▶ Perform local linear regression at the linearization points using a subset of the stored data

▶ Use kernel K() to weight differently data as a function of distance to the linearization trajectory

Implementation Details

System Identification – Design Steps
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Local Linear Regression

Linearization around predicted trajectory
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Hyundai California Proving Ground



Starting Line

Finish Line

Hyundai California Proving Ground





Lap Time





Test Starts: LMPC accelerates

Breaking before entering the curve

Accelerating when exiting the curve

Speed m
/s

Velocity Profile at Convergence (Curve 1)



Breaking

Accelerating

Speed m
/s

Velocity Profile at Convergence (Chicane)





▶ A reference trajectory is not needed for the controller implementation

▶ The controller converges after few laps: the learning process is data efficient

▶ The controller safely explores the state space iteratively improving the lap time

Remarks

Closed-loop Trajectories at Convergence



▶ A reference trajectory is not needed for the controller implementation

▶ The controller converges after few laps: the learning process is data efficient

▶ The controller safely explores the state space iteratively improving the lap time

Remarks

Closed-loop Trajectories at Convergence



Learning Safe Sets and Value Functions



Learning the Vehicle Model



The key components
► Predicted trajectory given by prediction model
► Predicted cost estimated by value function
► Safe region estimated by the safe set



Do you need the safe set? – Yes 
LMPC without Invariant Set
The controller extrapolates the Q-function on the Vx dimension



Do you need to Predict to Learn? Yes
When the LMPC horizon is N = 1 the controller 

▶ solves the Bellman equation using the Q-function as value function approximation
▶ does not explore the state space as it cannot plan outside the safe set 

Average CPU Load at each iteration

Lap Time at each iteration



Average CPU Load at each iteration

Lap Time at each iteration

Do you need to Predict at Convergence? No
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Lap Time at each iteration
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At each time t of iteration j, solve

Then apply to the system uj
t = u⇤,j

0 (xj
t )

Constructed using 
LMPC strategy

LMPC Summary

Identified 
online

JLMPC,j
t!t+N (xj

t ) = min
uj
t|t,...,u

j
t+N�1|t

t+N�1X

k=t

h(xj
k|t, u

j
k|t) + V j�1(xj

t+N |t)

s.t.

xj
k+1|t = f(xj

k|t, u
j
k|t), 8k 2 [t, · · · , t+N � 1]

xj
t|t = xj

t ,

xj
k|t 2 X , uj

k|t 2 U , 8k 2 [t, · · · , t+N � 1]

xj
t+N |t 2 SSj�1,
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Q0(x)
Q1(x)

Conclusions
▶ Terminal Cost function (Value function approximation):

§ Defined on a subset of the state space
§ Constructed using a subset of the stored data

▶ Control Policy defined using MPC guarantees:
§ Safety (w/ some probability for sample-based LMPC)
§ Convergence (or ISS for expected cost)
§ Exploration and performance improvement (also for deterministic systems)



Thanks! Questions?
Code available online Course material online


